Math 309 - Worksheet - Linear algebra review
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1. Determinant: Compute det B, det C', det F'.

Fgrmu.la> : olet [2 3] = a&—-bc

a’&*'(g 2;) = Aole{:(:\f Ed& d -@‘) + (_&3&( )
4 h R

A:

det B=L(-1)-1=0
det C= 3-(-t)i=2

det [ = 1 (3-2)+2(-3+4) 43(1-2) = £12-3=0

F&C'b :
det M=o &) rows ave lf/\&rb Je?enol.ent

&) coluwns are lcneulj o\epeno\en‘t
<) M not inwertible
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2. Linear systems with invertible matrix:

x
Consider the equation C'x = v where x = [ ! ] .
T2

L \ ) t:2= CD
FG)E) e {0300 8

Find the solution to Cx = v.

@ = Xz=2+vX
® = 2x+c(240%) =1
2% = 1-21

Xy = —%—L .
X, = 241X =2+ b('z(-—b) =3+—;-_'

Me‘H‘\oA 2 . C X =V F{a;mzio:l:— :Q : 2 _:_)
_ _ c & T od-bc-C
detcto  Dccx=¢clv

So C—I exists e

* -l |-t ‘]__. Ji"":
= “CV‘Z[LB [z i3

Find the solution to C'z = 0 (homogeneous equation).

- . X1],[0 trivial
— = = ue\ - rivia
-7 X C 0 O ) K2 (o] SolutTon

Fact: detC #0
= C)(::.\/ h&f (1 \AV\;%\AQ coluttn %= C-l\/,

= Cx=0 ! " = e
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3. Linear systems with noninvertible matrix:
Find the set of solutions to Bz = 0.

S LX)+ X220 ©
[:’ J } J 7 { X ~tXa2z0 @
LX|F+ X220 Reé)ungam‘t e%um’crms
<7 id@—@: 0+0=0 due to det B=0

= cXitX2 =0 , i.e. K2=-tX|
Set of soln i = LXJ [ JXI / chm} has dim =1

Find the set of solutions to Bx = v.

LXItXe =1 @
[ “'}[ } “ f)(t-t:Y'z‘—‘z @
LXitXz= |
&7 i@ -@ o =2c-]
cdvr}rucbc;hm
No Colutiom
—

Find the set of solutions to Bx =

]

xitxe=1 @
[V > 0 e

<:> { (:XI-F)‘z:ﬁ.
b@*@ O=0

L Wt Xas| o, e X2 =1-0X
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SC% o]c Soln .

X
f[xz] ) {:)i“xl] = {?] 4 [_‘L]x" meﬁ’} has
—— dim=1

So]-/\ 4o
Bx=z0

F“L‘t : de‘b R=o0

= Bx=0 h .
&S In NI
[ ‘F" %65 Man(cj splutton s

= Bx=v es
ecther has no Soluben ov°

has nti
aibel
‘F 2 ma”j Solutivms



4. Linear systems with noninvertible matrix cont’d:

0
Find the set of solutions to Fax = |: 0 ] )
0

I -2 3 X) o ')(l"QXz'I'ZXs:O ®©
LTIEL) - e
2 - 2 Xz 2X) -)(24-3)(3 =0 @
@"‘@ =2 -X2 + X3 =0
X2 = X3

@ = -X, +X3 -2?(3:-0
X = “XS

@ S -2%3-X3+3X3 =0
0 =0 , K3z orbitrary

Solubionn set
-1
[QL}:[!}YB, X;GFR
X3 |
Mernotivelyy ,  move systemadeally , can do

® => %= 2%y —3Xa

@ = -(2%2-3%3) + X2 -2%3 =0
> )(2:')(3 , So X\= 2?(2“3X3=' —'X3

@ S -2X3 -¥z3+ 3X3°0, X3 a.rbl"tra"n
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5. Linear (in)dependence:
Are the three column vectors of F' linearly independent? If they are linearly dependent,

find a linear relation among them.

CO[ULWW\ vec’vuvs are o‘e?en.gent Snce Ae{; F.:O.
So want Ao -Rn& C., Cy, Cy, not all 0, st

C\ [*\} + G [ —%:‘ + C; [—3?. =0
2 -\ 3
1 -2 3 C,
-1 l -2,} C, = {
2 "V 3 G

We alreedy found answers 4o 4 in Problem4 thet

[g;] = [—l"] €3, where omy Cy eR will do .
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NO\Q &\DM't [ffleaf l'./\tQQFOVtD;eVlCQ.
VQCWS —\7\, -, —\7f\ ove lu'fleou‘\a 'W\&qef'enﬂen’t r\f

- - - _
C'U‘ + C2.U77, +--- + Cy.Un =0

=> G=G=--=C.=0

~ - -
_N,oB 2 \f CN\"\'C?,U?, + CUs =O but &t least e of

T C's is not zeo, Say C#0. Than

- el

GV = — Cvi - C3Us
- - -
V2. = - =\ - _93-\/3

e : y =
€. VU, i o linear combi natmn 0-]- V-)\ Av\i \Ig

So, Wi, Vo , Vi dependent

- =S 5 =S
Ew Swppese Vi , Vo, Vs JVg Ove \Mearb \\,.&epenﬂ.ent
- ) — - -
aw& QV[ ‘l' CL\Iz 'I’ C3U?g ‘+ Cq.\/q. = 7VL
What e  C., Co, Ca, C47°
Answer Ci=C3= Cq4 =0, C-,,=§(

This s because
- -9 - -
Gt + (C-7)Va + Guy + Cauy =0

|inear anQ?Qn&Q‘ACQ. =) Ci=Cy-1 =2 ¢ = Cqy=o



6. Eigenvalues and eigenvectors:
Given a matrix M, if Mx = Az, equivalently (M — AI)x = 0, for some z # 0, then A

is an eigenvalue of M and x is an eigenvector of M corresponding to A.

Note that there exists x # 0 such that (M — AI)x = 0 if and only if det(M — \I) = 0.

(a) Find all the eigenvalues of the matrix A and the set of eigenvectors corresponding
to each eigenvalue.

-2 -
A- ["‘l 2 (b) Write A = PDP~! where Dis a diagonal matrix with the diagonal entries being
the eigenvalues.

FMA et gev\\m-\me. :

0= Aet(A-AI)m!et(‘_?_‘l’\ ;'/\) - AT A 4A3 = () (0-3)

Eigenvecter Corvesp. o M=

Solve (A-AT)v = O

2-1 -1 [Vl]s[O] s Viclazo ., ie. Vizle
- 2-) \/z 0
Set of etffnuecm CoYr€>Po'vw‘i13 4o N=1:

{[:2}: [:]V,, v|=l=o}

Eigenvecter Corresp. o Na=3

Solve (A-)\zf) w=0

2'3 -1 [wl]s[O] o 'W|"Wz:D , . Wl:—wz
-1 2-3[Lw2 0
Set o{— ei.Senvec‘l'w) CWre>Po'vw\vj 4o }\z= 3

§[]=[[ws wetol
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for A\ for A;

¥ (% :=-1

3-4¢ 3-4¢
x 344y (3"’4'(;)(3-46) T 32447

| .
= —i—g- (3 4‘L>

¥ Azoatbl, A =&-be

if M is real ,
+hen .’]f- v (S an eigenvechr with eigenvalue A, i-e.Myv=)\v

Pen MyI=MV =My = WV =2V

e, Vv VS on e?jenvedmr @it efﬁenvalu-e A



