
Math 309 - Worksheet - Linear algebra review
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1. Determinant: Compute detB, detC, detF .
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Formulas det Ibd ad bc

det ag ben fe adetlef bdet dg te t c det dgE

det B if i I o

Det C 3 C i i 2

det F 1 3 2 2 3 4 t 3 I 2 1 12 3 0

Fact

det M o rows are linearlydependent

columns are linearlydependent

M not invertible

For 2 2 matrices
mm

det E bae o a b r Cc d Crc rd
for some r E Q



2. Linear systems with invertible matrix:

Consider the equation Cx = v where x =

"
x1

x2

#
.

Find the solution to Cx = v.

Find the solution to Cx = 0 (homogeneous equation).
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3 1 5 2 1
f f k a ix 1 2 2

Xz 2 iX

3 1 42 tix 1

2 1 1 Zi

x _I i

xz 2tiXi 2tizt i 3 121

Method 2 C v Formula

deteto c c c y
LEH t ad.bc.IE

So c exists I

x c u El 51kt I

x C 10 0 i e 8 trivial
solution

Fact detc to

Cx V has a unique solution x C v

CX O il l l X 0



3. Linear systems with noninvertible matrix:

Find the set of solutions to Bx = 0.

Find the set of solutions to Bx = v.

Find the set of solutions to Bx =

"
1

�i

#
.
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ii i 1 18 em fix
1 2 0

X iXz O

i 1 2 0 Redundant equations
i 0 0 0 due to det 13 0

IX 1 2 0 i e Xz IX

set of sdn 1 f f x x ER has dim _I

i I L fix
1 2 1

x i i Xz 2

7
i Xi 1 2 1

i 0 2 i I
contradiction

no solution

iii Iki.tt I it i 8
ik 1 2 1

i 0 0

y ix 1 2 1 ice Xz IX

next page



Set of Sdn
has

KT II ix f 9 Ii ER
dine

So In to

Bx 0

Fact det 13 0

Bx o has infinitely many solutions

Bx V either has no solution or

has infinitely many solutions



4. Linear systems with noninvertible matrix cont’d:

Find the set of solutions to Fx =

2

64
0

0

0

3

75.
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E.IE iH gafxiIt IEs o
2X Xz 13 3 0

Xz 1 3 0

Xz X3

X 1 3 2 3 0

X3

2 3 Xz 13 3 0

0 0 Xz arbitrary

solution set

1431 111 3 ER

Alternatively more systematically can do

x _2 2 3 3

2 2 3 3 Xz 2 3 0

Xz X3 so Xi 2 2 3 3 X3

2 3 Xz 13 3 0 Xz arbitrary



5. Linear (in)dependence:

Are the three column vectors of F linearly independent? If they are linearly dependent,

find a linear relation among them.
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Column vectors are dependent since det F o
So want to find c Cz Cz not all 0 sit

c f t a I t Csf o

i e

iii x H
we already found answers to this in Problem4 that

I Cz where any Cz CRs will do

Pick Cz 1

fit 1 II f o



Note about linear independence

Vectors Jn are linearly independent if

cUT t GT3 t Cnut o

C G Cn O11

Note If CNT auf t GT3 0 but at least one of
the C's is not zero say Cz1 0 Then

ez C VT CsVI

iz faut can divideby a because
Cz o

i e Pa is a linear combination of UT and B
So Ji Ji J's dependent

Example Suppose ii Ji J's 54 are linearly independent

and Ivi t t GT3 t Cava 7h
What are C Cz Cz Ca
Answer C C3 Cq o Cz just match the coefficients

This is because

cUT Kz 7 Th t GUT Cata o

linear independence c Cz 7 Cs Cat o



6. Eigenvalues and eigenvectors:

Given a matrix M , if Mx = �x, equivalently (M � �I)x = 0, for some x 6= 0, then �

is an eigenvalue of M and x is an eigenvector of M corresponding to �.

Note that there exists x 6= 0 such that (M � �I)x = 0 if and only if det(M � �I) = 0.

(a) Find all the eigenvalues of the matrix A and the set of eigenvectors corresponding

to each eigenvalue.

(b) Write A = PCP�1 where C is a diagonal matrix with the diagonal entries being

the eigenvalues.
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A E I a

Find eigenvalue

nodetIA XI detf I 2 AT 1 112 4 3 41 1 d 3

HIT
Eigenvector corresp to d I

Solve CA AI V O

I II YI f a Vi vz o i e Viva

set of eigenvectors corresponding to de 1

IT L v v to

Eigenvector corresp to da 3

Solve A AI W O

I W W WzI 2 3 WI f T i o i e w wz

set of eigenvectors corresponding to 12 3

CY IT wz wz to



b
p L I p ft IE A PEE P

P T is

eigenvec eigenvec p

for d fer 12

A note about complex numbers

i 2 1

I 3 4 i 3 4i
347 i 34iT 3 42

3 4i

D at bi d a bi

if M is real
hmm

then if v is an eigenvector with eigenvalue d i e Mv v

then MT T

with eigenvalue'Ti e J is an eigenvector


