
Math 309 Homework 4
(6 problems)

1. Consider the following system

x′ =

[
2 1
4 2

]
x.

(a) Find the general solution of the above system.

(b) Draw a few trajectories of solutions in the x1-x2 plane.

2. Consider

A =

[
0 1
−1 0

]
.

Then

[
1
±i

]
are eigenvectors of A with eigenvalues ±i. So

eAt = P

[
eit 0
0 e−it

]
P−1, P =

(
1 1
i −i

)
.

(a) Verify that

eAt =

(
cos t sin t
− sin t cos t

)
.

Hint: according to Euler’s formula, sin t = eit−e−it

2i and cos t = eit+e−it

2 .

(b) Compute det(eAt), eAt

(
1
0

)
, and eAt

(
0
1

)
, and convince yourself that eAt is a linear

transformation that does clockwise rotation.

3. (Pendulum, a continuation of HW1 #8) In HW1 #8 we discussed the linearization of the
equation of motion for the pendulum when θ ≈ 0. In that case, we found in HW1 #8 (part
c) the system [

θ′

ω′

]
=

[
0 1
− g

L 0

] [
θ
ω

]
.

(a) Express the general solution of the given system of equations in terms of real valued
functions.

(b) Now suppose g
L = 1. Suppose you are given the initial condition that θ(0) = 0.5 and

ω(0) = 0, draw the trajectory of the solution in the θ-ω plane for all t. Indicate the
direction of flow. Mark the point(s) on your trajectory where the bob of the pendulum
reaches the lowest point. And, mark the point(s) on your trajectory where the bob of
the pendulum has velocity zero.

(c) Now suppose keep g
L = 4. Again suppose you are given the initial condition that

θ(0) = 0.5 and ω(0) = 0, draw the trajectory of the solution in the θ-ω plane for all t.
Indicate the direction of flow.
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4. (a) Express the general solution of the given system of equations in terms of real-valued
functions.

x′ =

(
−1 −4
1 −1

)
x

(b) Describe the behavior of the solutions as t→∞.

(c) In the x1-x2 plane, sketch the trajectory of a solution x(t) that passes through the point[
1
0

]
, for t ∈ (−∞,∞). Use an arrow to indicate the direction of flow.

5. (a) Find the solution of the given initial value problem

x′ =

(
−4/5 2
−1 6/5

)
x, x(0) =

(
1
2

)
.

Please write your solution in terms of real valued functions.

(b) Draw the trajectory of the solution in the x1-x2 plane and describe the behavior of the
solution as t→∞.

6. Consider the system

x′ =

[
1 2
−5 −1

]
x.

You can use the fact that

v =

[
−2

1− 3i

]
is an eigenvector with eigenvalue λ = 3i.

(a) Express the general solution of the given system of equations in terms of real-valued
functions.

(b) Now consider the solution given by

Re(e3itv) = Re
((

cos(3t) + i sin(3t)
)(
vR + ivI

))
= cos(3t)vR − sin(3t)vI ,

where v = vR + ivI with vR =

[
−2
1

]
and vI =

[
0
−3

]
.

In a single x1-x2 plane, draw the following objects

– a line that goes through the vector vR;

– a line that goes through the vector vI ;

– the ellipse that is the trajectory of Re(e3it).

The ellipse above intersects each of the above two lines at two points, so there are a total
of 4 intersection points. Please label precisely the (x1, x2)-values of these intersection
points. Also provide all values of t at which these intersection happen. Note that there
are infinitely many values of t for each intersection point.
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Note that those two lines above are not the axes of the ellipse because vR and vI are
not perpendicular. For this question, you are not required to figure out precisely what
the axes of the ellipse are.
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