
Heat equations with homogeneous boundary conditions

Disclaimer: this quick summary is not a comprehensive list of everything you need to know about

the heat equations with homogeneous boundary conditions.

Let u(x, t) be it temperature distribution; it satisfies the heat equation

∂u

∂t
= α2 ∂

2u

∂x2
.

To solve the heat equation, we use the method of separation of variables to represent the solution

as a linear combination of separate solutions of the form u(x, t) = w(t)v(x). The heat equation

implies that

w′(t) = α2λw(t) =⇒ w(t) = ceα
2λt,

v′′(x) = λv(x).

1. (Dirichlet boundary condition: u(0, t) = u(L, t) = 0.) In this case u(0, t) = v(0)w(t) =

0 and u(L, t) = v(L)w(t) = 0, so v(0) = v(L) = 0, and so we have the following eigenvalue

problem v′′(x) = λv(x),

v(0) = v(L) = 0.

After analyzing all three cases, λ < 0, λ = 0, λ > 0 (see lecture 24, example 1), we arrive

at the following list of eigenvalues and their corresponding eigenfunctions (note for each

eigenvalue, we just list one eigenfunction, though any constant multiples of that function is

also an eigenfunction):

λn = −n
2π2

L2
, vn(x) = sin

nπx

L
, n = 1, 2, 3, . . . .

So the collection of solutions of the form u(x, t) = w(t)v(x) is{
bne
−α2n2π2t

L2 sin
nπx

L
, n = 1, 2, 3, . . .

}
.

So the general solution to the boundary value problem∂u
∂t = α2 ∂2u

∂x2 ,

u(0, t) = u(L, t) = 0,

is

u(x, t) =

∞∑
n=1

bne
−α2n2π2t

L2 sin
nπx

L
.

2. (Neumann boundary condition: ∂u
∂x (0, t) = ∂u

∂x (L, t) = 0.) In this case ∂u
∂x (0, t) =

w(t) dvdx (0) = 0 and ∂u
∂x (L, t) = w(t) dvdx (L) = 0, so v′(0) = v′(L) = 0, and so we have the

following eigenvalue problem v′′(x) = λv(x),

v′(0) = v′(L) = 0.

After analyzing all three cases, λ < 0, λ = 0, λ > 0 (see homework 8, problem 1), we arrive

at the following list of eigenvalues and their corresponding eigenfunctions (note for each
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eigenvalue, we just list one eigenfunction, though any constant multiples of that function is

also an eigenfunction):

λn = −n
2π2

L2
, vn(x) = cos

nπx

L
, n = 0, 1, 2, 3, . . . .

So the collection of solutions of the form u(x, t) = w(t)v(x) is{
ane
−α2n2π2t

L2 cos
nπx

L
, n = 0, 1, 2, 3, . . .

}
.

So the general solution to the boundary value problem∂u
∂t = α2 ∂2u

∂x2 ,

∂u
∂x (0, t) = ∂u

∂x (L, t) = 0,

is

u(x, t) =

∞∑
n=0

ane
−α2n2π2t

L2 cos
nπx

L

= a0 +

∞∑
n=1

ane
−α2n2π2t

L2 cos
nπx

L
.

(Note the possible notation confusion: this a0 is the a0
2 in the Fourier cosine series.)
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