Quick summary of mechanical vibrations

Warning: Please refer to the lecture notes and the textbook, §3.7-§3.8, for more information.
In addition, please do NOT memorize any of the formulas here! Most formulas here are obtained
by solving simple differential equations. It won’t look as complicated when you are given actually
numbers for the constants. Solving the differential equation might actually results in less mistakes
being made than trying to copy down a complicated formula and try to plug numbers into it.
1. Undamped free vibration: m% +ku=0

- General solution:

u(t) = c1 coswot + o sinwot = A cos(wot — §) = A cosd coswyt + Asin d sinwyt

- Natural frequency:  wp = \/g
- Period: Ty = 22 =927 /m

wo

- Amplitude: A=./c?+c3
- Phase shift: tand = 2 (because cosd = %, sind = %)

(1f c1 >0, 0 =arctan(ca/c1) € (—7/2,7/2),

If ¢4 <0, 6 =arctan(ca/c1) + ,
=0 =

If ey — 0, 6 — %if02>0

—% if ¢5 < O.

Also useful to plot (c1,c2) since (A4, ) is just the polar coordinate.

- When given initial conditions, find ¢, co and then determine A, § from ¢y, ca. It’s not easy to
find A, ¢ directly from the initial conditions by plugging in u = Acos(wot — ) (try it, you'll
see).

- Graph the solution, make sure to get the correct sign for u(0), get the correct first peak, the

amplitude, and the period.

2. Damped free vibration: m% + 'yfl—? + ku =0, ro=—5- £ (i)2 - %

Always decays exponentially.
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[a] Underdamping: (%)2 -

- General solution:

u(t) = e 2™ (¢1 cos pt + o sin pt) = Ae 2 cos(ut — 8)
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- Quasi-frequency:  p=/wi — (5%)" <wo
- Quasi-period: T = 27” > Ty = iior.



- Amplitude envelope: +Ae~t/2m

- Graph the solution: make sure to get the correct sign for «(0), graph the amplitude envelope,
get the correct time that it first touches the amplitude envelope and the period.

- As 5L M wg, we have p \,0 and T' " oo
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[b] Critical damping: (i)2 —k=0
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- General solution:

u(t) = 2™ ey + cot)
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[c] Overdamping;: (i)2 -
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- General solution:

u(t) = e—’)/t/2m <C16t (%)27% N 026715 (%)27@)

3. Periodically forced vibrations without damping:
m% + ku = Fycoswt (the process is similar for Fysinwt)
[a] driving freq. w # natural freq. wy = \/k/m

- General solution:

u(t) = ¢1 coswot + co sinwot + 2702 cos wt.
m(wg — w?)
Equivalently
F
u(t) = C cos(wot — §) + 5 0 5 coswt.
m(wy — w?)
- Beats:
An example: suppose u(0) =0, v/(0) = 0, then ¢; = —WO_WQ), c2 =0,
FO 2F0 . (CU() — w)t . (W() + W)t
u(t) = ————5<(coswt — coswpt) = sin sin .
®) m(ws — wz)( ot) m(wd — w?) 2 2

Since ‘(wogw)t’ < (wogw)t, can treat m(jffwg) sin (w_;’o)t as amplitude and graph the

above solution.

[b] Resonance: driving freq. w = natural freq. wp

Fo
2mwo

- General solution: u(t) = ¢1 coswyt + ¢2 sinwpt + t sin wot.
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- The particular solution tsin wot dominates when t is large.

- Graph the particular solution



4. Periodically forced vibrations with damping: m% + ’y%‘ + ku = Fj cos wt.
- General solution:

u(t) = crug(t) + coua(t) + up(t)
Homogeneous part cjuq (t) + caus(t) decays, i.e. they are the ”transient solutions”.
- The particular solution is called the steady state solution in this setting. It is

up(t) = C coswt + Dsinwt = A cos(wt — 9),

just a oscillation with constant amplitude

Fy

A = ’
Vm2(wi — w?)? + (w)?

which is nonzero if v #0. Asw — 0, A — Fo. a5 w — 00, A — 0. Resonance

happens at the maximum of A(w), which is when w = \/wg — %, if \/wg — % is actually

. . 2
a real number, i.e. if w§ — 755 > 0.



