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Part I Motivation and Problems

Part Ii Results



Flat sufaces
holomorphic I form R m 5 15 9 225 flat surface
on Riemann surface Ei E flat metric with conical

singularity at zeros of R

Geodesics Je Ii sit Im et r 0

locally D dz Im eiddz 8 0 8 straight line of angled

Counting problems normalize area to 1 area form Erne
Nsc S L of saddle connections of length at most L

Nag S L of maximal cylinders filled with closed geodesics
of length at most L

Mazur 1990 for all flat surfaces C S EE N Is L E Cz S L2

Eskin Masur2001 for almost all flat surfaces
1in Nsc Sil constse LifeNeg ConstagA LZ

Eskin MirazKahani Mohammadi 2015 Cesaro type quadratic asymptotes
for all flat surfaces



Beyond flat surfaces

Flat surfaces Calabi Yau manifold Triangulated categories

holomorphic 1 form holomorphic top form stability conditions
geodesics Special Lagrangians semi stable objects

Length period integral Central charge

Calabi Yau manifold X R 8 Ricci flat Kahler form

W defines Lagrangian submanifold Wi o

W R defines special Lagrangian submanifold Wh 0
shag

Im lets to phased
Period integral Z L Ls

Counting problem if dimax n

Star R VE A X Z F irreducible slag L Sit L Pd 8

Ir r Sir ER



Triangulated categories and mirror symmetry
For a mirror pair of Calabi Yau manifolds X Wx Tx Y Wy Ty

Homological mirror symmetry

D Fuk X Wx I Dbcoh Y Ty and DbCon X Wx D Fuk Y Wy

Fukaya category objects Lagrangian submanifolds

stable objects Special Lagrangian submanifolds

DbCon objects coherent sheaves defined by J

stable objects stable coherent sheaves defined by J W

E g E holomorphic vector bundle on a complex curve

slope MCE degelrk E
E stable semistable if every subbundle F satisfies

MIF MCE MCF EMCE



k3 surface
A compact complex surface that admits a nowhere vanishing holomorphic
2 forms and is simply connected Siu837 all k3 are Kahler

Cohomology all k3 Surfaces are diffeomorphic
HIX 2 HMX 2 21 HEX213 222 H'IX2 434,23 0

k3 lattice H X Z Hix 2 HEX 21 2

Intersection pairing signature 3,19

Weight two Hodge structure HEX Q H x H x Ho x

4210 1 h 20 hor 1

Néron Severi lattice NS X isomorphismclassesof line bundles classified
by Ci Pic X H x2

For k3 Pic X NS X H X Z H x n ImageCHEX21 HEX E

S rk Pic X 015 20

1 Pic X Pic X 21 L L SyGCL n C L

For projective k3 115 20 C has signature 1,9 1



Coherent sheaves and Mukai vectors

X algebraic projective k3 surface A
D D Con x I

B B Ate
in KCD

cKID Grothendieck group

Mukai vector V KID H X 2 Holy 2 HEX 2 H x2
E ch E TX rKCE C E XLE RKCE

Mukai pairing L 7 H X Z H X Z

ri Di S ra Dr 52 D dz ri Sa ra S

V KID x1 i HAA L i 7
Euler pairing mukaitatticesignature 4,20

X EF El 1 dimHOMILE F

Numerical Grothendieck group NCD K D Ker Xt

NCD X1 1 É x2 NS x H x2 c 7

Signature 2 5 Sark NS x



Bridgeland stability conditions definition

stab D a o Z P locally finite numerical Bridgeland stability condition

E a complex manifold
Z NCD a central charge a group homomorphism

P PH er Pld semi stable objects of phase of

Satisfying the following axioms

I E E PH Z E E R o e'd
2 0 02 Ej EP Oj 5 1,2 Hom E Ez 0

3 P Atl PCO D

4 Harder Narasimhan filtration for each of E ED there exists
O Eo E

p

Ez Ekin E for Bj E PH
B
k r f

BE 4 02 4k
5 Support property F constant b 0 and a norm Il'll on NCD zR

sit for any semistableobject E we have Hell I CIZ E

Counting function
No JENID I aTémistable object E with UE r IZ o E R



Special Lagrangian classes
Lagrangian class lattice Lag X W relax 2 r L Pd

Schoen Wolfson20013 H X Z n wt E H X Z

Intersection pairing

Slag X W R re X Z F irreducible slag L with CL
Pd
8

Lai Lin Schaffler s r e Lag X W 83 2

Counting problem Star R re Slag X wir 8 R E R

Fukaya category F D Fuk X

K F Ch
HALF 9C HEX A CL L d eLagXW when L geometric

open closedmap Sheridan Smith 2020

Chili ch La E X Li La X HF Li Lz L Lz

Shklyanov2013

NLF K F Ker Xt

Mirror symmetry NCF X E NID Y

not know whether N FX Lag X W



Twister sphere

X K3 surface Hyper kahler

g Ricci flat metric

P E H X R any positive definite 3 plane

Twister family there is a 2 sphere family X Je te

all compatible with g
Wt E 4P

Counting problem

Slp R 8EH X Z I Wt E P JE Slag X we rt 18 Rtl ER

Filip2020 studies count of special Lagrangian tori in this twister sphere
formulation

Kachru Tripathy Zimet2020
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Bridgeland stability conditions properties

Theorems by Bridgetand 2007 2008

Stab D O Aut D

UI
Stabt D a connected component

U
F E Aut D Sit Stab D UCD

for almost all of stabt D F O EU D sit No R NOIR

UCD geometric stabilityconditions JE stably sit all

Ox x EX are 0 stable of the same phase

UI for J E U D Zo 2019 for O E VCD g E GE 2 R

VID geometric stability condition of phase I constructed via tilting

For TE VCD Zo u exp Bti w V

1 B Bff V ti o w B W V

B W are real divisor classes w ample



Theorem Athreya Fan L For almost every o e stab D we have

No R CARS O RM S rk Pic x

For TE V D o 2 5 2 2

5 2 TIE 1 wz MMDiscNSX

For J E U D Zo Zog for O E VCD g e GE 2 R

Case t g e Rt then C o Gg
Case2 g in the rotation part of SL 2,2 then C o o

Case3 g 1 is a shear by k t id I 0 then

y
I 0520 Sino kcoso 2 do
5 2 TCE 1 I 2 15 27 2DiscNSCXT

Remark Clo depends on rank and discriminant of NS x
WZ B does not matter



Reason

Theorem Bayer Macri 2014

For u m Vo E NCD Vo primitive MEG TE Stab D generic
then v VEE for some E semistable avoid walls measure o set

V82 2

No R ve NCD v m vo me Ze Vo primitiveftp.yi EElER
ve NCD v30 I Zoo e R Mukai lattice even Midi I

VE NCD v m Vo M EZ Vo 2 I Zo N E R

Fan2021 Sys o min Zal vie E is a t semi stable object

if u m Vo Ro v e R m Bys o

C syst v e NID v2 2 I Zou e R

open TbylDuket Rudnick Sarna k 1993



FIR VE N D R E R
9 2 V30 I Z v e R2

I R Rv I ve ILD R IL
Gauss circle problem plz V E 219 2 A Folk

Vol I i
Rft 2

Theorem Athreya Fan L Assuming Lag X W has signature 2,19 then

Stars R s W R Rat o R2 if w a ratifalkahler class
so statementholdsfor polarized k3

where

C W R
2k
21 2

21 TIE KE Disclagext Kr Res Ims

Theorem Athreya Fan L Let P be a positive definite plane in Hex R
Then

Shp R E C Rat o R2

where c is a constant independent of the choice PE H2 X R


