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Part T : Motivation and Problems



holomwrhra 1“Ucovm Q ~ S=(3, 3:—9&52_(—2) £lot surface

on Riemann s !
| n surface 7 t -Flo\'l: metr¢c with conical
S\‘nju\awf{:_‘j ot Zeros of 2

Geodesics ¥ & Zi st Im (efd)_fz) |z’ = 0O
(’OCAI_lj ()= CDZ/ IM(el¢J?>|X 0 = | S‘h‘q?a‘/rt line o—f aVlﬁlQ Cl)

Co‘\/m'l:fﬂj Frolo\ems ( novmalize. oveo. to 1, aa form = __ei_g)_/\_ﬁ>
NSC (S, L) = # 0§ S&AJLQ connectens OJC /enﬁ-f-h ot moest L

Neq (SL) = # of maximal cyhnders Fille] wibh closed Geodesi
of lem_5+|n ot most L.
[Mazur 1990] For all flat suefoces, ¢ (S)L* < N(s,L) £ Co(S) L2

[ Eskin— Masuy 2001) fov almost oll £lot surfaces

| 200 SCL(\z. ) = CWS%—SC ) \_'.—‘Dmoo Cﬂiz.) = Cons‘t'cj

[ Eckin- Mirazkahani — Mohammad: 20157 Cecivo- type quadvotiz asymptoties
for all flat surfaces.



F{o\f surfo ces Cala‘ﬁ- Yau man(—&lgx Wt'angmlateaq Categovies

ko\omeh\‘(, 1-form kolomwyhi& top -~ form | Stabilidy conditiong
390&65 (es Special, Lagrangiams Semistable objedts

Len3+k Perio& ?n-l-x?:ﬂ\"a.\, C@Vl’kmtl, Cblo.r‘ge

al Ln“ nito ﬂ ! o~
Calobi-Yau manifold (X, "’->R:cc.‘—floct‘ Kiihler form

/N &eanes Lo:groma\\o\r\ Su\:man«‘:}o\cx : bO[L_.—_ D)

w, ) ck{?ine_g grecfa\, Loﬂmnsran s\abmanr)ﬂalo‘; Wl =0
m _gz))l_._o phase
Period inteqral - Z(L)=J 92

Counting Problem , it dmgX =n

SLi,o (R)=# {b’é H"(X,Za) . J iereducidle slog L st [1)™=7,
IX"Q: *YLﬂl éR}



TW{O\V\SMM{-QOQ Ca+€50rf0_5 am& mMieroyv S\/mn’\ﬁtf’i
For a mirroy paic of Calabi-Yau man(—folds (X,wy,3x), (Y, Wy, T)

Horno[ojtcm\. mirrovy 5\/mme‘\:-:-j :

D" Fuk (X, wy) = DbCok (T, Jv) and D°Cola (X, wx) ~ DV Rk (Y, wT)

Fuk&ﬂ(x Coc\Tejorj ob]ed;s : Lo.gmvxjian Subrnoni‘fo\&s

Shodle objects. Special \_oﬂmnﬁfum Su.bmamr{olAS

D\DC"\/L M! Coherent sheaves (oYe-ane& loj j)
Shole obects : Stade Cohernt Sheaves (de{ineé\ by J, w)

E.q. E  holomsrphic  vector burdle on & cemplex curve
Sloye M(E):= O‘@E/YKE
E stable (Semistable) & every subbundle F sodisfies
M(FY < M(E) (MF) < M(E))



A compact complex surface that admits o nowhee vanishing holomavphi.
2-formn €2 and is simply comected. [Stu83) all K3 ave Kazhler

Cohowxo\055 oll K3 Sur—fm&s are J‘Heommrphfc
Hox 1) = HE(,Z) =2, HWZ)2Z2%2, HIxD) = H3(X2) =0

k3 lottice HA(X,Z), (-~ :Hx2® (X2 —2
Im{—ersec-[—rm Pa?r:‘nﬁ S\‘sna‘t‘u.v‘e, = (3, IQ)

Weight - two Hoﬂﬂe structure.  H2(X, L) = HZ'O(X> ® Hm()o ® HO'Z(X)
hZ/O: 1 k}”:QO l/],o"z: 1

Néron - Severi loktice NS(X) = isomorphism classes of e bundles classifred
by ¢y: Pic(X) — H(XxZ)

For K3, Prc(X) = NS(X)=H"'(%,Z):= H"'(X) N Inage (HX.2) — HX,C))

P=vrk(Pic(x)) , 029220
(= =P (V@ Pec ()~ 2 . (LL)=] a)nrci(L)

Fov Projechive K3, 1¢<P <20, (-,-) has Signature. (1, f—-i)



X = alje\:m?c/Pijecﬁm KS Sur-fa(,{ A _ B

D = D°Coh (%) \ = [BF[A+(c]
m\ in KC(D)

K(D> - G-ro'{'ke\/\ouieck ﬂfO'MP C

Muka vector v K(D) — H*(X,2) = H°(x,z) ® H(X,2) ® H*(%2)
V(E) i= ch(E)[taD) = (rk(E), a(E), X(E)-rk(E))

Mukai pairing ¢ -, - : H¥(x7) — H*(x,2)
<(r|, D.,S|) , (rz, Dr, 57_)> = D:-Dz - V.32 - 1.3,
Vi (kD) - x(--)) — (H(x2), <=-7)

Euler F&\srfr\jj b —~—
Mukai lattice, Siapature (4-,20)

X(E,/E):= ; (-0 down Homyy (E,F)

Numerical Grothendieck group N = K®)/ker x(--)
%

4
(ND),-x(-2) = (HXD® Ns(x)®H X,2), <~ 7)
Signature (2, 9) , P=rK (NS(X))



Stab ('P) 5 0 = (Z/ P) LOCal}j finite numer! cal Bn‘dgelmAl stabilrty condition
T o complex manifol

% Z: N(D) — C Central Charge , & Group homomorphis m
% Pi= {P@)lgper , PP = semistable objedts of phase ¢,
Sedisfying the following  axioms e
(1) EeP@) => Z(E)eER,,E
@) b >d, , EepP(d;),i=l,2 = Rom(g,Ed=0 .
(3) P(d+) = P

4) (Horder - Nocasim han —Fil’ora'tﬂrm) fsv endh 0+ E €D, there exisk
oon—>E|—>Ez _>---ﬁEl<_\—>E_F_D/ BjéP(Chj)

N ¢« N/ R
B, B. Bk 4’17 ct>2-> o> ClDK

(5) (S“FP“JG Pfowr‘fﬂ) J constant b>0 and a nom [|-]) sn N(D)@, R
st for ony semistable object E, we hove |E|| £ C|Z(E))

Coum‘l:f/ﬂ —Func-l:ion,
NoR) = # {FEND): T o semshoble object E with u(E)=0, |Z,(v) < R



L&ﬁr&ﬂg{an C[&S.S la—(;{:a‘ce Laj (X, UJ):: {XéHz(X,‘Z/.> ) Y= [L1PA}
[Schoem-Wole 2001 = HZ(X, Z) 0O w™ = [—]2()(,2/)
Indersectn paicing

SLO‘S (X W Q) {b/éH (X, Z) 3 irreducible SLD;‘j L with [L] }
[La\"’L(r\" SCL\&H:LQ"] < {T éLa\ﬂ(’X)wb ¥ 2_2}

Courting problem Sley, o (R) = # 1Y€ Slag(x,w.0), [%.0] < RY

,-_wka:ja Ca‘beﬂor_l.j F:= DﬂFuk(X)
K“:) _> HH (]:) 2—C> H"(X, /\) , (L] +— [L]P"‘é[aﬂ(x,w) when L geometyi'c
open - closed map [Sheridlan - Smithh 20207

{chil), chll)y = - X (L, L) = =X (HF*(L,L2)) =[L]- [La]
[Shkl_'jaw ov 2013
N(F):: k(F)/ker X(-,-)
Miceor Symmetrnd 2> N(F(X) = N(D(Y))
hot Know whether N (F(X)) = Lgﬂ()(, w)




X = K3 sucface = Hyperkihler
9 = Rucei-flat metvic
P ¢ H%(X,R) By Posibiue definite 3- plane

Twistor ‘Famib theee s oo 2- Sphere —Fo\me (X/Ib> , L€ $*
all compotible orth Q
wy € $%(P)

Cdun‘bl\/\j Pf‘ob\@,m
SLp(R)= #{1eHHX,2): T we € $2(P), ¥€Slog (X, e, 1), ¥ 26l <R]

[F(‘i? 2020] 5+U.D‘\.e.$ Count O} §P€CI\AL chﬂ‘_o‘m\9 Yan -{a-OV'; A _qus -h«/is"iw Sphere
[ kacheu- Tviyo&\/\j -Zimet 2020] Tormu lation.



Pouft o RQSuL‘bS



T‘r\eorems E:j Bn‘)ge\an& 2obT, 2008

* Stab(D) © Aut(D)

Ul
StabT (0) « & Connected component

J beAut(D) st P stabT(D) — UD)

Ul
2 for almost all T 6StabT(@®) , Jo/EUD) <.t N ()= Ny ()

WD) < geometric s—l—abih‘ﬂ conditions : O € Stob(X) s+, all
G, x €X, are O-stable of +the same phase

V(D) < geometric S‘Mbilf% condtronn of phase 1 construcked vin -Hl’cfng.

Fov e VD), ZeW)=ep(B+iw), v)
= <(1) B, 82—209')) \/> 4 <(o,w,8.w),\/>

B, wW ae real divisor classes, w ample




Theorem [P\H/W;‘]OC Fan- L] For olmost every g €E S‘l'ab-\-(‘D) , We have

Ny (R) = Clo) R¥ + o(R3*?) 9= rk (Pic (0)

21T (f+2)/2

For o€ V(D), Cl@)-= R TE) o T Foee]

For TEUD), 25 = 251§ for TEVUD , 3¢ GL(2,R).

/
Case 1 geﬂf , then C(O) = co?)

3 £+2

Cose2 G in the rotation part of SL(2,2), then C(o) = C(a).

Cose 3 8=(“9\; is & shear by ¥ +iIA, A>0, then

5 73
) - E?/z fozr (C0529 + —}‘;z (ng-—KcosG’Y') dg
Clo) = E+2) T(£41) A 2 )22 [Disc NS(x)'

Remork Clo) oleFenAlsm . % rank and disceiminant of NS(X)
¥ w* (B does not matter)



RG&SDVL

Theorem [Bajer - Macv 20\4-]
Fsv v=mvo éND), Vo Frim-'-lsi\le 5 méZ/+ , g€ S‘MQCD) gﬁmerl‘c y

then v = V[E] —For Some E semistable owstd wWolls (mensure O Set )

<=> VOZ Z -2
,\lo,(R) = # {\/é N(D') ' V=mMmVg , M éZ/+, Vo F(;m;‘h\ue ’ VOZZ "'2 p) [Zo—(V)lzﬁR}
1 sk os 4 Wwe
mde(lml 4 Slszo\e'!:m“'l"ef

= #fveNm): vizo, 2o < R Mukai lothe even = no v*=-1

+ _ﬁ: {VéNCD) st V=mMvp , M éz_l., Voz':—Z) |2G(VJ| fl?}

[Fa\n?.'ﬂl] 3\15(0‘):: m:n{lZG(v(E)>\ : E s & O-semstable olojedf_}

> i vamv, , BoWI<R = m <_SR)'$(0‘)

- R
—— _/
i R:P b:j [Duke - Ruo!m‘(,k-—farno\k |993J

= 0(R)




Y, (R) = {vc—: NO)g =R vizo, |Z2.W]%< Rz}

X (R} = {Rv | ve Io-(l)} =R- Y,
(Gauss circle problem) V& {ve 272 0 To(R)} = Vol (fcr(\)) :

R—>o00 RF+2

Theorem [Afhreja- Fan-L.] Assuw\iﬂg Laj (X,w) has signature m , then
S| R\ < ) 21 (R?Y) if w a ratimal kahler class
OJ/_Q( 3 C(w Q) R™+ olR so statement holds for POI“'EZJ k3

Wwheve
o 22

Clw,R) = 3 —
) 21 T (%) Kg /z.inSC Lag(X, w) ko =Re ) =Imn)

T}\eorem [A’H‘We\‘ij FDM‘L,] L-e't P be o POSI"HUQ-AQ-FM&Q Plane (N HZO(IRB.

Then
SLp(R) £ C:R** + o(R*)

whewe C is a constont Tndependent of the cheve P¢ H2(x.R)




